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We showed that the all phonons – not only forward-scattering phonon but also local (all-momentum-
scattering) phonon – contribute to boosting Tc of the s±-wave pairing state in the incipient band model. In
particular, when the incipient band sinks deeper, the phonon boost effect of the local phonon increases and be-
comes as effective as the one of the forward-scattering phonon. Our finding implies that all interface phonons
– not only the 90 meV Fuchs-Kliewer (F-K) phonon but also the 60 meV F-K phonon – from the SrTiO3 sub-
strate and all intrinsic phonons of the FeSe monolayer itself should contribute to increase Tc of the FeSe/STO
monolayer system.
PACS numbers: 74.20.-z,74.20.Rp,74.70.Xa
I. INTRODUCTION.
The discovery of the FeSe/SrTiO3 monolayer system (Tc ≈
60− 100K) [1–3] is posing a serious challenge to our under-
standing of the Iron-based superconductors (IBS)[4–6]. As to
the origin of such a high Tc value, it is widely accepted that
the forward-scattering phonon, penetrating from the SrTiO3
substrate, is the key booster for increasing Tc[7–11]. In-
deed, Lee et al.[7] have measured the replica band shifted
by about 90meV downward from the original electron band,
and it is claimed to be a strong evidence for the presence of
the forward-scattering phonon coupled to the conduction band
electrons in the FeSe monolayer. Incidentally, this phonon en-
ergy coincides with one of the Fuchs-Kliewer (F-K) modes
measured at the interface of the SrTiO3(STO) substrate[12].
However, recently Sawatzky and coworkers[13] have ar-
gued that the replica band observed in the Angle Resolved
Photo-Emission Spectroscopy (ARPES) experiment[7] is not
the evidence of a forward-scattering phonon coupled to the
conduction electrons of the FeSe layer but a consequence of
the kinematics of the escaping electrons in the ARPES mea-
surement. The main point of this criticism is that while it
is true that there exists a F-K phonon mode of the energy
∼ 90meV , there is no evidence that this phonon couples to
the conduction band electrons of the FeSe layer dominantly
with the small momentum exchange (forward-scattering).
In this paper, we studied the effect of the generic types of
phonons on the superconducting (SC) instability of the s±-
gap symmetry in the incipient band model. We found that the
all phonons – not only forward-scattering phonon but also lo-
cal (all-momentum-scattering) phonon – contribute to boost
Tc of the incipient band superconductor. In particular, we
showed that when the incipient band sinks deeper, the phonon
boost effect of both types of phonon becomes indistinguish-
ably similar from one another. Therefore, the sunken hole
band plays an active role to turn otherwise useless phonons
(all-momentum scattering phonons) into useful pairing glues.
Our finding implies that all phonons, both interface phonons
∗ykbang@apctp.org
– not only the 90 meV F-K phonon but also the 60 meV F-K
phonon – from the STO substrate and all intrinsic phonons of
the FeSe monolayer itself should contribute to increase Tc of
the FeSe/STO monolayer system.
II. PHONON BOOST MECHANISM
The basic reason for this surprising result is because the rel-
ative size of ∆+-gap and ∆−-gap of the s±-wave pairing state
in the incipient band superconductor is not equal, and this size
disparity grows as the incipient band sinks deeper. To illus-
trate the consequence of this effect, let us recollect the general
principle of the optical phonon contribution to the unconven-
tional superconductor with a sign-changing order parameter
(OP).
In the BCS pairing theory, the gap equation at Tc with a gap
function ∆(k) has the following structure
∆(k) = −∑
k′
Vs f (k,k′)∆(k′)χs f (T )
−∑
k′
Vph(k,k′)∆(k′)χph(T ), (1)
where Vs f (k,k′)(> 0) is a repulsive spin-fluctuation medi-
ated interaction and Vph(k,k′)(< 0) is an attractive phonon
interaction. χs f (ph)(T ) are the pair susceptibilities de-
fined as χs f (T ) = N(0)
∫ Λs f
−Λs f dξ
tanh( ξ2T )
2ξ and χph(T ) =
N(0)
∫ ωD−ωD dξ tanh( ξ2T )2ξ ∼ N(0)φ(T ), respectively. Assuming
that the gap symmetry is already determined by the pri-
mary pairing interaction Vs f (k,k′), the following quantity de-
fines the additional contribution from the phonon interaction
Vph(k,k′) to the total pairing,
φ(T )N(0)∑
k′
Vph(k,k′)∆(k′)= φ(T )N(0)<Vph(k,k′)∆(k′)>k′ ,
(2)
where < · · · >k means the Fermi surface (FS) average. For
example, the contribution of the local Einstein phonon inter-
action Vph(k,k′) = V0 to the d-wave gap, ∆d(k) ∼ (coskx−
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2cosky), would be null because
V0 < ∆d(k′)>k′= 0. (3)
On the other hand, if the phonon potential Vph(k,k′) represents
a forward-scattering phonon, namely, a dominantly stronger
potential when the angle between ~k and ~k′ is smaller than a
certain angle, say, θ< pi/4, it is obvious that
<Vph(k,k′)∆d(k′)>k′ 6= 0, (4)
so that the attractive phonon interaction cooperates with the
repulsive spin fluctuation interaction Vs f (k,k′) in Eq.(1) to
boost Tc of the d-wave pairing ∆d(k) [14].
The same mechanism would work for the s±-wave pairing
state. Here the relevant quantity is
∑
k′
Vph(k,k′)[∆+(k′)+∆−(k′)], (5)
where ∆+(k) and ∆−(k) are the gap functions on each of the
hole and electron bands. Assuming the same size of OPs
|∆+(k′)| = |∆−(k′)| but with opposite signs, then the contri-
bution of the local Einstein phonon interaction Vph(k,k′) =V0
to the s±-wave pairing is proportional to
V0 < [∆+(k′)+∆−(k′)]>k′= 0, (6)
hence the phonon boost effect of the ordinary Einstein phonon
is null for the standard s±-wave state. On the other hand, with
a forward-scattering phonon, namely, a dominantly stronger
potential when ∆k= |~k−~k′| is smaller than the typical distance
between the hole band and electron band in the Brillouin zone
(BZ), say, ∆k < Q = |(pi,pi)|, it is obvious that
<Vph(k,k′)[∆+(k′h)+∆
−(k′e)]>k′ 6= 0, (7)
for any fixed momentum k either on the hole FS or on the elec-
tron FS. As a result, the forward-scattering phonon interaction
boosts the Tc of the s±-wave pairing state[15] as in the case of
the d-wave state.
Having illustrated the above cases, it is easy to write down
the most general condition for gaining the phonon boost effect
for the s±-wave pairing state as follows,
<Vph(k,k′)[∆+(k′h)χ
h
ph(T )+∆
−(k′e)χ
e
ph(T )]>k′ 6= 0. (8)
It is well known that the sizes of the gap |∆+| and |∆−| are
not equal in general when Nh(0) 6= Ne(0) [16]. Furthermore,
in the case of the incipient band model[17–19], the pair sus-
ceptibility χh(e)ph for the hole and electron band can be very
different because the integration ranges are different such as
χhph ∼
∫ −εb−ωD dξ · · · and χeph ∼ ∫ ωD−ωD dξ · · · , respectively, where
εb is the incipient band distance (see Fig.1). Therefore, in
the incipient band superconductor, Eq.(8) can be largely de-
viated from zero regardless of whether the phonon poten-
tial Vph(k,k′) is a forward-scattering phonon or a local (all-
momentum-scattering) phonon. As a result, we expect that all
types of phonons would contribute to increasing the Tc of the
s±-wave state in the incipient band model[20]. In the follow-
ing, we studied this effect quantitatively with numerical calcu-
lations of Tc of a minimal incipient band model, and confirmed
that our expectation is indeed true.
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FIG. 1: (Color online) (a) A typical incipient band model with ωD <
Λs f . The phonon energy cutoff ωD can be larger or smaller than εb.
(b) Schematic picture of the Fermi surfaces and the incipient s+−he -
wave solution. The hole band has no FS and the dotted circle at Γ
point only indicates the SC gap character.
III. INCIPIENT BAND MODEL
The minimal incipient band model is depicted in Fig.1. The
hole band is sunken below the Fermi level by εb, hence it has
no Fermi surface (FS), and the two electron bands located at
X and Y points are treated as one electron band.
For the pairing interactions, we assumed that the spin fluc-
tuation mediated repulsive interaction Vs f (k,k′)(> 0) is oper-
ating within the cutoff energy scale Λs f and the phonon medi-
ated attractive interaction Vph(k,k′)(< 0) is operating within
the cutoff energy scale ωD (< Λs f ). This model has the incip-
ient s±-wave solution as the best SC ground state [17, 18]as
depicted in Fig.1(b).
For simplicity of calculations but without loss of general-
ity, we simplify the momentum dependent pairing interactions
Vs f (ph)(k,k′) as the 2×2 matrix potentials depicting the intra-
band and inter-band interactions V abs f (ph),(a,b = h,e), then the
Tc-equation of the incipient two band model is written as
∆h =
[
V hhs f χ
h
s f +V
hh
ph χ
h
ph
]
∆h+
[
V hes f χ
e
s f +V
he
phχ
e
ph
]
∆e, (9)
∆e =
[
V ees f χ
e
s f +V
ee
phχ
e
ph
]
∆e+
[
V ehs f χ
h
s f +V
eh
phχ
h
ph
]
∆h
where the pair susceptibilities are defined as
χhs f (ph)(T ) = −
Nh
2
∫ −εb
−Λs f (ph)
dξ
ξ
tanh(
ξ
2T
) (10)
χes f (ph)(T ) = −Ne
∫ Λs f (ph)
−Λs f (ph)
dξ
ξ
tanh(
ξ
2T
)
where Λph = ωD. Obviously χhph(T ) = 0 when ωD < εb.
IV. RESULTS AND DISCUSSIONS
First, we calculated the T 0c as a function of εb without
phonon interaction, i.e. V abph = 0, but only with spin fluctua-
tion mediated repulsive potential V abs f (> 0). We use represen-
tative values of the spin-fluctuation mediated repulsive poten-
tial
√
NeNhV
he(eh)
s f = 1.5 and Ne(h)V
ee(hh)
s f = 0.4, and assumed
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FIG. 2: (Color online) (a) Calculated Tc vs εb of Eq.(9). Green
symbols are T 0c without the phonon interaction, i.e. V
ab
ph = 0,
but only with the spin fluctuation mediated repulsive potential√
NeNhV
he(eh)
s f = 1.5 and Ne(h)V
ee(hh)
s f = 0.4. Red diamond symbols
are Tc including the additional forward-scattering phonon interaction
NeV
ee(hh)
ph = −0.5 and
√
NhNeV
he(eh)
ph = 0.0. The blue square sym-
bols are the net phonon boost effect ∆Tc = Tc−T 0c . (b) The same cal-
culations as (a) but with the all-momentum-scattering local phonon
interaction NeV
ee(hh)
ph =
√
NhNeV
he(eh)
ph =−0.5.
Ne = Nh in all our calculations in this paper. The result of T 0c
is the green circle symbols in Fig.2(a) and (b). T 0c gradually
decreases as εb increases as expected [17, 18].
Now we turn on the attractive phonon interaction V abph (< 0)
in addition to the repulsive spin fluctuation interaction V abs f .
We assume the Debye frequency ωD = 0.5Λs f for all calcula-
tions in this paper. We first test a forward-scattering phonon,
i.e. NeV
he(eh)
ph = 0.0 and NeV
ee(hh)
ph = −0.5. The results of the
calculated Tc are the solid diamond symbols (red) in Fig.2(a).
Apparently, Tc is enhanced almost uniformly from T 0c . To
see more details, we extracted the net amount of the phonon
boost effect of Tc as ∆Tc = Tc− T 0c , which is plotted by the
blue square symbols in Fig.2(a). Interestingly, the phonon
boost effect of the purely forward-scattering phonon shows
an interesting dependence on εb; it peaks roughly when the
T 0c collapses to zero. This behavior tells us a complicated
role of the phonon interaction for the total pairing instability.
First, the fact that ∆Tc is always > 0 definitely proves that the
phonon interaction cooperates with the spin-fluctuation me-
diated interaction to increase Tc. However, the fact that ∆Tc
has a maximum peak near when T 0c approaches zero indicates
that there is also a partial competition (or cancellation) be-
tween the attractive phonon interaction V abph (< 0)and the re-
pulsive spin-fluctuation mediated interaction V abs f (> 0). How-
ever, this partial competition is very weak for the forward-
scattering phonon. Besides this detail, the results of Fig.2(a)
confirms the well known concept of the forward-scattering
phonon boost effect of Tc in the unconventional superconduc-
tor with a sign-changing gap function.
Next, we test an Einstein local phonon (all-momentum-
scattering phonon), i.e.,
√
NeNhV
he(eh)
ph = Ne(h)V
ee(hh)
ph =−0.5.
The calculated Tc is plotted in Fig.2(b) as the red diamond
symbols. It shows that the phonon boost effect ∆Tc =
Tc − T 0c (blue squares) is about the same magnitude as the
pure forward-scattering phonon except the region where εb
is small. When εb is small, the sizes of the OPs are close
each other as |∆+h | ∼ |∆−e |, so that the phonon contribution
of Eq.(8) becomes close to 0, hence the phonon-boost effect
is very weak. As εb increases, the net phonon boost effect
∆Tc = Tc − T 0c increases until it reaches the maximum and
eventually decreases. ∆Tc increases because the gap size dis-
parity |∆+h |/|∆−e | increases as the hole band sinks deeper. Be-
yond crossing a certain depth as εb > ε∗b, both ∆Tc and Tc itself
decreases because the absolute phase space for the pairing in-
teraction shrinks to zero except the intra-electron-band scat-
tering. This is a totally unexpected result from the common
belief that the ”forward-scattering” is the necessary condition
for the phonon boost effect. Our result of Fig.2(b) is a clear
demonstration that all phonons should contribute to enhance
Tc, and the sunken band in the incipient band superconductor
plays an active role for this unusual behavior.
To see more details, we calculate the Tc with the different
values of the phonon interaction strength for both cases, re-
spectively. The strength of the spin-fluctuation mediated in-
teraction V abs f is fixed as the same values used in Fig.1 in all
calculations.
Fig.3 is the results of Tc with the forward-scattering
phonon. The main panel is the calculated Tc with differ-
ent values of the forward-scattering phonon interaction as
NeV
ee(hh)
ph = 0.0,−0.5,−1.0,−1.5, respectively, in increasing
order of Tc, and
√
NhNeV
he(eh)
ph = 0.0 for all cases. The in-
set of Fig.3 is the net phonon-boost effect ∆Tc = Tc−T 0c for
each cases. The overall behavior is similar in all cases. The
magnitude of ∆Tc monotonically increases with the strength
of the phonon interaction, and its peak position is always near
ε∗b where T
0
c approaches zero. One particular thing to note is
that there is no noticeable change in ∆Tc when εb crosses the
phonon interaction cutoff ωD, which is not the case for the
all-momentum-scattering phonon.
Fig.4 is the results of Tc with the all-momentum-scattering
phonon, hence NeV
ee(hh)
ph =
√
NhNeV
he(eh)
ph = λph for all
calculations. The coupling strength increases as λph =
0.0,−0.5,−1.0,−1.5 and−2.0, respectively, in increasing or-
der of Tc. The increased Tc is the similar magnitude as in the
case of the froward-scattering phonon except for the small εb
region. A new finding is that this small εb region is defined as
εb < ε∗b for weak coupling phonon (see the λph = −0.5 data
in the inset of Fig.4). Increasing the coupling strength, this
small εb region, where ∆Tc is increasing as εb increases, ex-
tends to εb < ωD. This behavior can be clearly seen by com-
paring the insets of Fig.3 and Fig.4. The ∆Tc of the forward-
scattering phonon case in Fig.3 has always the maximum peak
at εb = ε∗b ≈ 0.32. On the other hand, the peak position of ∆Tc
of the all-momentum-scattering phonon case in Fig.4 shifts
from εb = ε∗b ≈ 0.32 to εb = ωD = 0.5 as the phonon coupling
increases. As a result, when the phonon coupling strength is
strong enough such as λph = −1.5 and −2.0, the increasing
slope of ∆Tc is so steep that the total Tc itself develops a max-
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FIG. 3: (Color online) The forward-scattering phonon boost effect.
The repulsive spin-fluctuation mediated interaction
√
NeNhV
he(eh)
s f =
1.5 and Ne(h)V
ee(hh)
s f = 0.4 is fixed for all calculations. The
forward-scattering phonon interaction is varied as NeV
ee(hh)
ph =
0.0,−0.5,−1.0,−1.5, respectively, in increasing order of Tc, and the
inter-band phonon interaction
√
NhNeV
he(eh)
ph = 0.0 for all cases. The
inset is the plot of the net phonon boost effect ∆Tc = Tc−T 0c . Vertical
lines of εb = 0.32Λs f and εb = ωD = 0.5Λs f are guides for eyes.
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FIG. 4: (Color online) The all-momentum-scattering phonon
boost effect. The repulsive spin-fluctuation mediated interaction√
NeNhV
he(eh)
s f = 1.5 and Ne(h)V
ee(hh)
s f = 0.4 is fixed for all calcula-
tions. The all-momentum-scattering phonon interaction, NeV
ee(hh)
ph =√
NhNeV
he(eh)
ph = λph, is varied as λph = 0.0,−0.5,−1.0,−1.5, and
−2.0, respectively, in increasing order of Tc. The inset is the plot of
the net phonon boost effect ∆Tc = Tc−T 0c
imum peak at εb = ωD and decreases afterwards. This behav-
ior of Tc vs εb is very different from a standard incipient band
model where Tc monotonically decreases as εb increases.
One final important remark is that while the calculated Tc
in this paper is always of the s+−he -gap solution as depicted in
Fig.1(b), we have also checked the possibility of the s++he -gap
solution and it never be a solution for all cases of this paper.
V. SUMMARY AND CONCLUSIONS
We have studied the phonon boost effect on the s+−he -pairing
state of the incipient two band model. We have considered
both the forward-scattering phonon and the all-momentum-
scattering local phonon. It is confirmed that the forward-
scattering phonon is efficient to boost Tc. In detail, we found
that the net phonon boost effect ∆Tc = Tc−T 0c has an interest-
ing dependence on εb and has a maximum peak near ε∗b where
T 0c approaches zero. Our model calculations also demon-
strated that the optimal condition of the forward-scattering
phonon for increasing Tc is to limit the ”forwardness” nar-
rower than the inter-band distance but wide enough to cover
the FSs of each of the electron and hole band.
The most important result of our study is that the all-
momentum-scattering phonon can be as effective as the
forward-scattering phonon to increase Tc. This surprising re-
sult is, in fact, a natural consequence of the intrinsic prop-
erty of the incipient band model, where a normal band (cross-
ing the Fermi level) and an incipient band (sunken below the
Fermi level) severely break the balance between the gap sizes
of ∆+h and ∆
−
e on each band. This severe gap size disparity (in-
cluding the pair susceptibility χ(h(e)ph ) turns the all-momentum-
scattering phonon into an effective forward-scattering phonon.
Since this disparity of the gap size is growing as the incip-
ient band sinks deeper, the phonon-boost effect of the all-
momentum-scattering phonon increases as εb increases until
εb reaches to ε∗b or ωD depending on the phonon coupling
strength.
In conclusion, we have shown the theoretical principle how
the incipient band turns the local all-momentum-scattering
phonon into the effective forward-scattering phonon. Our
finding has an important implication that all interface phonons
– not only the 90 meV F-K phonon but also the 60 meV F-
K phonon – from the STO substrate as well as all intrinsic
phonons inside the FeSe-layer itself should contribute to in-
creasing Tc of the FeSe/STO monolayer system, if the pairing
gap symmetry is the s+−he -wave state. Besides the FeSe/STO
monolayer system, other heavily electron-doped iron selenide
(HEDIS) compounds such as AxFe2−ySe2 (A=K, Rb, Cs, Tl,
etc.) (Tc ≈ 30− 40K)[21–23] and (Li1−xFexOH)FeSe (Tc ≈
40K) [24], which develop a deeply sunken (εb ∼ 60meV −
90meV ) incipient band by electron doping, should also have
the phonon-boost effect from the intrinsic phonons in the bulk.
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